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0. INTRODUCTION 
In this paper we study the blowup behavior of solutions of 
%+~~,--x,=f(~), (-u<x<u, f>O), 
U(kU, t)=O, (f>O) 





cPEC°C-wd, cp20, cp(ka)=O (0.4) 
and 
f(u)=uP if u 3 0, p > 2. (0.5) 
There are recent results on blowup of solutions for the equation 
ut - uxx =f(u) (0.6) 
with the boundary and initial conditions as in (0.2), (0.3); see [4,6&9]. 
Assuming that, for some x0 E ( -a, a), 
q’(x)>0 if -u<xdx,, 
q’(x) d 0 if x,dxdu, 
(0.7) 
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it was proved in [4] that blowup can occur at a single point only (for the 
symmetric ase cp( -x) = cp(x) see also [S, 91). On the other hand, for the 
nonlinear degenerate quation 
u, = u2(u.,, + u) (0.8) 
and a > 1r/2 it was proved by Friedman and Mcleod [S] (in the symmetric 
case) that the blowup takes place on the entire interval - rc/2 < x < 7c/2; 
here the diffusion (of heat, say) is accelerated by the factor u’. 
The interest in the blowup behavior for solutions of (0.1))(0.3) stems 
from the presence of the term UU., which is the same as for Euler’s equation 
(with u being a vector). Since the temperature u is spread out by the term 
wx ) it is interesting to find out whether blowup still occurs at a single 
point only. 
In this paper we obtain the following results for solutions of (0.1 k(O.5): 
1 
on a);(‘) 
a finite time blowup occurs if cp is sufficiently large (depending 
(ii) if p > 3 then for a large class of initial values cp there is a single 
point blow-up; 
(iii) if p > 3 then for a large class of cp’s, 
u(x, t)<C(T-t)--“(P-‘) (C>O); (0.9) 
this estimate enables us to study the asymptotic behavior of u at the 
blowup point by the methods of [6]. 
Finally, our results can be extended to more general equations 
u, - u,, = F(u, u,); see Section 6. 
1. EXISTENCE OF BLOWUP 
By standard methods one can show that (O.l)-(0.5) has a unique 
solution 2.4 for t < T,, where T, is sufficiently small. Moreover, by the 
maximum principle, u > 0 if --a < x < a, 0 < t < T,,. If the solution cannot 
be extended step-by-step to all t > 0, then there must exist a finite time T 
such that the solution exists, and is positive, for 0 < t < T, and 
lim sup u(x, t)= co; 
r-T{lxlCo} 
(1.1) 
in that case we say that blowup occurs at time T. 
In this section we establish a finite time blowup for a large class of initial 
data. 
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We begin with the equation 
J-J, = ?x, +f(v) (-b<x<b, t>O), (1.2) 
u(kb, t)=O (t>O), (1.3) 
u(x, 0) = A4 (-b<x<b),M>l. (1.4) 
If M is sufficiently large then (see [7]) 
u blows up in finite time t,. (1.5) 
Clearly v(x, t) = u( -x, t). Using the maximum principle one can establish 
that 
v,<o if O<x<b,O<t<to. (1.6) 
Further, since by [4], the estimate (0.9) is valid for u and since p > 2, 
i 
b3 





r(t) = 47) dz, r. = r(t0), 
0 
where 
then yo< co. 
Introduce the regions 
R,={O<x<b,O<t<t,}, 
R2 = {r(t) - r. < x < 0,O < t < to}, 
Rj=(r(t)-ro-bbx<r(t)-ro,O<t<to} 
and the function w: 
w(x, t) = u(x, t) in R,, 
w(x, t) = m(t) in R,, 
w(x, t) = v(x - r(t) + ro, t) in R,. 
174 
Then 
FRIEDMAN AND LACEY 
u’,+u’u’,--M’,,-,~(u’)=vv.~~~~ R,, by (1.6). 
Next, in R,, 
w, + ww, + w,, -f(w) = m’(t) -f(m(t)) 
< (v, + vu, + o,,m t) -f(v(O, f)) = 0, 
since -v,,(O, t) 2 0. Finally, in R,, 
w, + WM’. + w,, -f(w) = 0, - r’u, + uv, - u,, -f(u) 
=(v-r’)v,=(u-m)v,<O, 
since v d m and u, < 0 if x < 0. 
Observing next that w and w, are continuous across the boundaries 
aR, n aR, and dR, u aR, (with w, = 0 on these curves) we conclude that w 
is a subsolution of (0.1) in the interior Q of the set i?, u i?, u R,. Further, 
w is continuous on the parabolic boundary a,$2 of Sz with 
w(x, 0) = A4 (-b’<x<b), 
where 6’ = b + r,,. If 
a> b’, 
then by comparison, 
We conclude: 
w=o elsewhere on a$, 
v(x) > A4 for -b’dx<b, 
u(x, t) 2 w(x, t). 
(1.8) 
THEOREM 1.1. If (1.8) holds then the solution of (0.1 b(O.5) blows up in 
finite time d t,. 
Remark 1.1. Given any a > 0, we choose b E (0, a) and take t, E (0, ta) 
such that rO - r( t i) < a - b. It then follows, by comparison, that if 
44x) 2 4x9 t1) (-a<x<a) 
then the solution is of (O.l)-(0.5) blows up in time <t, - t,. Thus, blowup 
occurs for (O.l)-(0.5) whenever cp is “sufficiently large.” 
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Remark 1.2. There is no blowup if p 6 2. Indeed, the function 
is a supersolution for (0.1 t(0.5) for some a positive and small and for any 
A sufficiently large. 
The results of this paper extend to a large class of nonnegative increasing 
superlinear functions f(u) including 
f(u)=(U+PY (P > 0, P > 2), f(u) = e”; 
see Section 6. For the first function f, the estimate (0.9) still holds for the 
solution of (1.2)( 1.4) and thus Theorem 1.1 remains valid. Also for 
f(u) = e” we still have that 
s 
10 
m(t) < 00 (1.9) 
0 
for the solution of (1.2)-(1.4) (see [4]) and thus Theorem 1.1 is again 
valid. 
We shall now derive another sufficient condition for blowup in case 
f (0) > 0, assuming that (1.9) holds and that a is sufftciently large so that 
there does not exist a nonnegative stationary solution of 
(O.l), (0.2) (even with one singular point). (1.10) 
THEOREM 1.2. Iff(O)>O and (1.9), (1.10) hold then u blows up in finite 
time. 
ProoJ It suffices to prove the theorem in case cp E 0. Suppose u is a 
global solution. Then U, > 0 at t = 0, and, by the maximum principle 
(applied to u,) for all t> 0. It follows that u(x, t) + w(x) as t + CC and, by 
(1.10) w(x,) = w(xz) = CC for at least the points x,, x2 in (-a, a). Take for 
simplicity x, = - a, x2 = a. For any M > 0, if To is large enough then 
u(+a, t)3M+ 1 if t3To. (1.11) 
If we show that for some T, > To 
4x, T,)>M for -adx<a, t>T,, (1.12) 
then (using (1.9)) we can apply Theorem 1.2 to deduce that u blows up in 
finite time. 
Suppose (1.12) is not true for any T, > To. Then the function 
m(t)= min U(X, 2) 
-a<x~a 
409 132 I-12 
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satisfies m(t) < A4 for all t > T, and therefore, by (1.11) there exist points 
s(t)e (-2, z) such that 
m(t) = u(s(t), t). 
But then u.,=O, -u.,, 3 0 at (s(t), t) and therefore, by (0.1) (cf. [4, 
Theorem 4.5]), 
It follows that m(t) >f(O) t, which is a contradiction (for t large). 
2. No BLOWUP FOR x < 0 
In the sequel we consider the case of finite time T of blowup. 
In this section we assume, in addition to (0.4), (0.5), that 
cPEC’C-->al, 
q’(x)20 if -u<x<.Q, q’(x) d 0 if x,<x<a 
(2.1) 
for some x0 E ( -a, a), 
cp(x) 2 cp( -xl for O<x<a. (2.2) 
LEMMA 2.1. There exists a continuous function s(t) with -a<s(t) <a 
for 0 < t -C T, such that 
u,(x, t) > 0 if -u<x<s(t),O<t<T, 
u,(x, t) < 0 if s(t)<x<a,O<t<T. 
Indeed, the proof is the same as that given in [4] for Eq. (6.6). 
LEMMA 2.2. There holds: 
u(x, t) 2 u( -x, t). 
ProoJ Consider the function 
w(x, t) = u(x, t) - u(x, t) in R,, 
where u(x, t) = u( -x, t) and 
R,={O<x<a,O<t<T-E}, V& > 0. 
(2.3) 
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Then w 20 on the parabolic boundary of R,. We claim that w >O in R, 
(which then yields the assertion (2.3)). Indeed, otherwise w takes a negative 
minimum at some point (X, t) in R,, i.e., 0 < X < a, 0 < i< T - E. Clearly, 
24(X, i) < u(X, t), 
24,(X, i) = II,&?, lq. 
Suppose X > ~(0. Then U, < 0 in a neighborhood V of (X, Q Also, 
WI--w,x- cw= -MM,-uu,= -(u+u)u,+uw,, 
(2.4) 
where 
c~f(u)-f(u)<O in V 
u-u 
and --(u+u)u,>O in V. Hence, 
w, - w.xx - uw,-cw>o in V, 
a contradiction to the maximum principle. 
Next, since w > 0 on x = s(t), we must have X #s(t). Finally, if 
O<X<s(o then 
which is a contradiction to (2.4). 
From Lemmas 2.1, 2.2 we get 
COROLLARY 2.3. s(t)>0 and u,(x,t)>O if -a<x<O, 0ct-c T. 
Let 
s- = lim inf s( t), s+(t)=lim sups(t). (2.5) 
1-T f-T 
By Corollary 2.3, s- 2 0. 
THEOREM 2.4. Let p > 3. Then for any .q, >O there exists a constant C 
such that 
u(x, t)<C if -a<x<s--EO,O<t<T. (2.6) 
Thus, there is no blowup in the interval -a d x < s _ . 
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Proof: Let c( = s - E”, 
R,= j-adxdr, T,<t< T}, 
where TO is sufficiently close to T so that s(t) > c( if TO < t < T. Hence 
u,>o in R,. (2.7) 
Consider the function 
J = u, - &C(X) g(u) in R,, (2.8 1 
where E is any small positive number, g(u) is to be determined, and 
g(O) = 0, g > 0, g’ > 0, g” > 0, (2.9) 
c(x) = (x - Cly, (2.10) 
where n is any even positive integer. We wish to prove that if E is small 
enough then 
J>O in R,. (2.11) 
In view of (2.7), (2.9), (2.10), this inequality is valid on the parabolic 
boundary of R,. 
Next, 
J, - J,,y = (f- uu,), - &c[g’(f- uu,) - g”uz,] + 2&c’g’u, + &C”g. 
Using the relations 
u, = Ecg + J, 
24 xx = q’u, + Ec’g + J, = &*c*gg’ + Edg + t&J + J, 






and b,, b, are bounded functions. We wish to show that S > 0. Choosing 
g(u) = uy, where 
4=1+1, o<q<1,2+q<p, (2.15) 
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S becomes positive if 
2n&Ix - tXJf’- lqP- 1 + &(X - tx)V~ 




In view of the choice of q, this inequality is indeed valid if E is sufliciently 
small. 
Having proved that S > 0, it follows from (2.13) and the maximum 
principle that J> 0 in R,, i.e., 
u.x ’ EC(X) g(u) in R,. (2.17) 
We can now proceed as in [4] to deduce from (2.17) that u is a bounded 
function in R,, i.e., (2.6) holds. 
3. A SINGLE POINT BLOWUP 
In this section we assume that p > 3. We begin by extending Theorem 2.4 
to the right of {x=s(t)}. 
LEMMA 3.1. For any s0 > 0 there exists a constant C such that 
4% t) 6 c if s++.q,<x<a,O<t<T. (3.1) 
Proof. We proceed as in the proof of Theorem 2.4 by considering the 
function 
.I = u, + EC(X) g(u) 
in R,= {s+ +EO<x<a, T,<t<T}, where 
4x) = (x - iv”, p=s+ +&) 
and g(u) is the same function as before. If we show that 
J,-J,,+b,J,+b,J<O in R, 
then we deduce that J< 0, that is, 
(3.2) 
- ux > EC(X) g(u), 
and the assertion (3.1) follows (as in [4]). 
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u,= -&cg+J, 
u r.r = E’c=g’g - &c’g + J, - Ecg’J, 
we find that (3.2) holds if 
note that c’ > 0. To prove that 3 > 0, it suffices to show that 
If we show that 
2 n 4-l) y -u~+‘~(p-q)u~+~~~*+(x8)2 
X-P 
then (3.3) will easily follow if E is small enough. Now, the left-hand side of 





which is smaller than the right-hand side of (3.4) if u > 1 (by (2.15)) 
provided n B 1. On the other hand, if u < 1 then (3.4) is valid if n is 
sufficiently large, i.e., if n - 1 > 2(a - j?). 
We shall henceforth make an additional assumption on cp, namely, 
cp”-cpcp’+f(cp)80 (-a<x<a), (3.5) 
i.e., U, 2 0 an {t = O}. By the maximum principle applied to U, we find that 
u,>O if -a<x<a,O<t<T. (3.6) 
THEOREM 3.2. Let p > 3. If cp satisfies (0.4), (2.1), (2.2), and (3.5) then 
lim , _ T s( t) exists and consequently u blows up at the single point 
(s(T- 01, T). 
Proof: In view of Theorem 2.4 and Lemma 3.1, it suffices to show that 
s+ =s_. Supposes+ >sP and let 
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where 3.5 -c s + - s- . Consider a region 
R=(s1<x<s2, T,<t<T}. 
We choose To sufficiently close to T such that 
s(To)>s,, 
u(s,, t)<u(s,, t) if T,<t<T, 
here we use the facts that u increases in t and that u(sz, t) --) cc if t + T, 
u(s,,t)<C<oo ifO<t<T. 
Introduce the function w = U-U in R, where 
u(x, t) = w(2cr -x, t). 
Then we can proceed as in the proof of Lemma 2.2 to show that w > 0 in 
R n {x > o! >. It follows that s(t) > M if To < t < T and, consequently, 
Sl +s2 
s- 
S, +S- =liminfs(t)>r=Z=P-s. 
1-T 2 
Hence sP > s, - 28, which is a contradiction if E is suffkienty small. 
4. UPPER ESTIMATE ON u 
We maintain the assumptions made on cp in Theorem 3.2. Let 
M(t) = u(s(t), t) = {Ig$ a, t). 
Then (cf. [4, Theorem 4.51) 
M’ <f(M). 
Since M(t) + cc if t -+ T, we obtain, by integration, 
We shall now establish the reverse estimate: 
THEOREM 4.1. If p > 3 then there exists a constant C such that 
(4.1) 
C 
u(x’ ‘)’ (T- t)‘/(p- 1)’ (4.2) 
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Proqj: Consider the function 
J= u,-&(r) g(u) in R= j-a<.r<a,O<t<T), (4.3) 
where 
C(f) = e *“I, M> I, (4.4) 
g(u) = up + uy, J<q<p, (4.5 1 
and 6 is a sufficiently small positive number such that 
J(x,O)>O if --a<x<a. 
Notice also that J( f a, t) = 0. We compute 
J, - J,, = (f- uu,)t - Gc[g’(f- uu,) - g”U;] + 6c’g 
=f’ut - uru, - UU~( - Gcg’(f- uu,) + 6cg”uz, - Sc’g. 
Using the relations 
u,=&g+J, 
u IX = wu, + J, 3 
we get 
J, - J,, + a, J, + a2 J = Gc(f’g - fg’) + bcg”u; - Gcgu, - 6c’g E S, (4.6) 
where a,, a2 are bounded functions. We shall prove that 
s>o; 
since -cl/c = M, this will follow from 
f’g--fg’+g”ut.+Mg>glu,l. 




+ M( up + u”). (4.9) 
Now. if (u,I < M then (4.9) is obvious. Assume then that ju,I > M. 
If u* < lu,l(q- 1) q then again (4.9) is obvious. Thus it remains to 
consider the case where 
u*> b,l(q- 1)4? IuxI> M. 
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But in this case, if M is chosen large enough (depending on p, q), then 
(upuq)Iu,I Q (24” + u”) UL -<(p-q)u”+@. 
4(4 - 1) 
Since p + q - 1 > p + 2 (by (4.5)). This completes the proof of (4.7). 
Recalling (4.6) and applying the maximum principle, we deduce that 
J> 0, i.e., 
u, > &(t)(lP+ 24”). 
This implies that U, > 6,~~ (6, > 0) if u > 1. Integrating with respect to t, 
the assertion (4.2) follows. 
5. ASYMPTOTIC BEHAVIOR AT THE BLOWUP POINT 
Set /3= l/@--l), p13. 
THEOREM 5.1. Let the assumptions of Theorem 3.2 hold and set 
x0 = .P( T - 0). Then, for any constant C > 0, 
(T- t)‘lcP- “u(x, t) - k (k=Pt P= ll(p- 1)) (5.1) 
uniformly as Ix - x01 < C( T- t)‘12, t + T, where either k = 0 or k = BP; if 
xO=a then k=O. 
Proof. Consider first the case ~~<a. We proceed as in the proof of 
Giga and Kohn [6] and introduce the function 
w( y, t) = (T- t)%(x, t) 
where 
x= (T- t)1’2y, T-t=e-‘. 
Then 
LZW E w, - WYY + tyw, + /?w - wp = - wwyepas, (5.2) 
where u = (4) - l/(p - 1). Observe that the right-hand side disappears in 
the argument of Proposition 4 in [6] as s = sj + cc. Consequently any limit 
w of wj(y,s)=w(y,s+sj) (with s~+~-s~+,) satisfies L&‘kV=O as well as 
w, = 0, so that 
-w,+~yw,+~w-Wp=O in [w’. (5.3) 
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As proved in 161, the only bounded solutions of (5.3) are 0 and +k. Since 
in our case w 20, it follows that NI= 0 or w = k, from which the assertion 
(5.1) follows, as in [6]. 
Consider finally the case x,,= U. Then by the above argument we still 
have that YW = 0, w,! = 0 if y < 0, and w(0) = 0. Extending u‘ to 1’ > 0 by 
w(y)= -W-Y) we see that 
-w,,.+~yw,+pw-Iwl~- ‘w=o for y~[w’. 
Hence, we obtain by (6), w = + k or w = 0. Since w(0) = 0, we deduce that 
w = 0, and (5.1) follows with k = 0. 
Remark 5.1. Theorem 5.1 holds at any blowup point x0 of any solution 
u of (O.l)-(0.5) provided u satisfies the estimates (5.2). 
6. GENERALIZATIONS 
The results of Section l-5 extend to more general functions f(u). For 
f(u)=A(u+C(Y (A>O,P>O) (6.1) 
the proofs remain the same provided we choose g= g(u+p) with g(s) as 
before. In the case 
f(u) = e” (6.2) 
we choose g(u) = e8’ (0 < 0 < 1) in estimating U, and 
g(u) = e” + ecu (O<O< 1) 
in estimating u,. The estimate on U, yields 
u(x, t) d log & + c. (6.3 1 
Since the only non-increasing bounded solution w(v) of 
w”-$pf+e~- 1~0 in R’ 
is w=O (see [l-3]), the method of [6] shows (cf. [l]) that, for any C>O, 
[ 
24(x, Q-log& - 0 1 
uniformly as Ix - x0/ Q C( T - t)‘12, t + T, where x0 = s( T- 0) is the single 
blowup point of U, provided x0 <a. 
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The results of Sections 14 clearly extend to a large class of functions 
f(u). 
Finally, our results extend to other classes of equations of the form 
u,- u.x,+ G(K u,) =f(U). (6.4) 
In the case 
G(u, u,) = h(u) u, (6.5) 
we assume that h(u) is a positive function and that 
h(u) - 28, f(u)-up kJ>k+ 1) 
as u -+ cc. Then Theorem 1.1 and Lemmas 1.1, 1.2 remain valid. The 
remaining results of Sections 2-5 can also be extended, but this requires 
some additional technical assumptions on h. 
In case 
G(u, u,) = uk(u,) (6.6) 
we assume that k(s) is an odd function and, as s --, co, 
k(s)-s’+*, o+x<$$) 
Recalling [4, Theorem 4.31 that 
the inequality 
k( u,) v < r’u, 
holds if 
r(t) = C j: m(z) dr, 
where C is an appropriate positive constant, and thus the proof of 
Theorem 1.1 can be extended to the present case. Lemmas 2.1 and 2.2 also 
extend to the present case, whereas the remaining results of Sections 2-5 
can be extended under some additional technical assumptions on k. 
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